We have investigated the microwave response of a transmon qubit coupled directly to a transmission line. In a transmon qubit, owing to its weak anharmonicity, a single driving field may generate dressed states involving more than two bare states. We confirmed the formation of three-state dressed states by observing all of the six associated Rabi sidebands, which appear as either amplification or attenuation of the probe field. The experimental results are reproduced with good precision by a theoretical model incorporating the radiative coupling between the qubit and the microwave.
Josephson energy and charging energy of the transmon are estimated to be E eff J = 19.05 GHz and E C = 0.4206 GHz [25] . When necessary, the qubit frequency can be detuned by changing the magnetic flux bias.
Theoretically, our system is described as follows. We consider the lowest three states of the qubit and denote them by |j (j = 0, 1, 2), where ω 0 < ω 1 < ω 2 . The qubit is driven by a continuous field with amplitude E and frequency ω d . Setting = v = 1, where v is the microwave velocity in the transmission line, and working in a frame rotating at the drive frequency ω d , the Hamiltonian of the system is
where σ ij = |i j|, σ t = γ 10 /2 σ 01 + γ 21 /2 σ 12 is the transition dipole operator of qubit, and a k (b k ) is the photon annihilation operator propagating rightward (leftward) with wave number k. The transition frequency between |i and |j is ω ij = ω i − ω j , and γ ij is the radiative decay rate from |i to |j . Note that γ 20 = 0 results from a parity selection rule. By fitting the experimental results below, these parameters are estimated as follows (see Appendix A): ω 10 /2π = 7.558 GHz, ω 21 /2π = 7.070 GHz, and γ 10 /2π = 40 MHz. Based on the transition matrix elements for transmons [25] , we also assume γ 21 = 2γ 10 .
Due to the weak anharmonicity of transmon qubits, ω 10 is close to ω 21 . Consequently, the three bare states are also energetically close in the rotating frame. We denote the dressed states, i.e., the (quasi-)eigenstates of H q , by |µ (µ = g, m, e), where ω g < ω m < ω e . We hereafter focus on the case of ω d = ω 20 /2, where |0 and |2 are degenerate in the rotating frame [ Fig. 2(a) ]. The Rabi frequencies for the |0 ↔ |1 and |1 ↔ |2 transitions are respectively defined by Ω R,10 = √ γ 10 E and Ω R,21 = √ γ 21 E, and we use Ω R,10 as a measure of the driving field intensity. Figure 2 (b) plots the overlap between the bare and dressed states as a function of Ω R, 10 . We observe that |m is composed only of two bare states and is insensitive to the drive intensity (|m = sin θ|0 − cos θ|2 , where θ = arctan γ 21 /γ 10 ). This is specific to the case of ω d = ω 20 /2, where |0 and |2 are degenerate. In general, the dressed states involve the three bare states when subjected to a strong driving field, where the Rabi frequencies overwhelm the bare-state energy differences in the rotating frame. Generation of three-state dressed states requires two fields in general [19] . Here, three-state dressed states can be realized by a single driving field due to the weak anharmonicity.
From Eq. (1), the Heisenberg equation for the qubit is given by
where
, and a in and b in are the input field operators. When no probe field is applied, a in = b in = 0. The stationary density matrix elements σ µν s of the driven qubit are determined by where ξ µν,µ ′ ν ′ = µ ′ |ξ µν |ν ′ . These simultaneous equations, together with the sum rule µ σ µµ s = 1, determine σ µν s . Figure 2 (c) plots the density matrix elements as functions of the Rabi frequency. When the driving field is weak, the qubit is in the bare ground state |0 , which is a superposition of |g and |m . The qubit is in a pure state in this regime. As the drive intensity increases, the qubit becomes entangled with the incoherently scattered photons, and its density matrix becomes progressively more mixed. As a result, under strong driving, the off-diagonal elements become negligibly small in comparison with the diagonal ones. In the strong driving limit E → ∞, the qubit approaches a maximally mixed state, where the three diagonal elements each take the value 1/3, whereas the off-diagonal elements vanish.
In order to observe the optical properties of such three-state dressed states, in addition to the drive microwave, we applied a weak continuous probe field (amplitude F and frequency ω p /2π) from one side of the waveguide and measured the transmission coefficient t. Experimentally, t is normalized by the transmission coefficient obtained at the same frequency when the qubit is fardetuned from the probe frequency. The probe power at the qubit is fixed at −133 dBm, which is in the linear regime, F 2 ≪ γ 10 . In Fig. 3(a) , |t| is plotted as a function of the drive power and the probe frequency. The drive power P is related to the field amplitude by P = ω d E 2 . In theory, application of a probe field from one side is realized by putting a in = F e i(ω d −ωp)t and b in = 0. We investigated the linear response of the qubit since the probe is relatively weak. We divide σ µν (t) into the stationary and linear-response components, as σ µν s + σ µν L e i(ω d −ωp)t . From Eqs. (5) and (6), the simultaneous equations used to determine σ µν L are given by
where ζ µν,µ ′ ν ′ = µ ′ |ζ µν |ν ′ . The input and output field operators are connected by a out (t) = a in (t) − iσ t (t). Therefore, the amplitude of the transmitted wave is given by
where σ t,µν = µ|σ t |ν . The transmission coefficient is defined as t = a out / a in , and Fig. 3(b) plots |t| thus calculated. Discrepancy between the experiment and theory is found at ω p /2π 6.8 GHz. This is due to the third bare state |3 , the transition energy of which is supposed to lie around here. Except for this point, we confirm good agreement between the experiment and theory despite the simple model neglecting dephasing and non-radiative decay of the qubit. This indicates the realization of coherent and almost perfect radiative coupling between the qubit and microwave fields in our setup.
In the weak-drive region (Ω R,10 |ω 10 − ω 20 /2|), the bare-state picture is valid. Since the probe field is weak, we may regard the qubit as a two-level system having two states, |0 and |1 . The qubit then reflects with high efficiency the probe waves at ω 10 /2π=7.558 GHz due to the one-dimensionality of the field [31] . In contrast, in the strong-driving regime (Ω R,10 |ω 10 − ω 20 /2|), the Rabi splittings become observable and transitions occur between the dressed states. In the dressed-state picture, as illustrated in Fig. 3(c) , optical transitions occur between |µ, N (lower levels) and |ν, N + 1 (upper levels), where µ, ν = g, m, e and N denotes the drive photon number. Therefore, the three-state dressed states yield six Rabi sidebands at ω d + ω ν − ω µ (µ = ν). Remarkably, we observed all of six sidebands in our experiment through amplification or attenuation of the probe field [ Fig. 3(a) ]. In theory, when the probe is tuned to the |µ, N ↔ |ν, N + 1 transition (µ = ν), at a frequency ω p = ω d + ω ν − ω µ , the transmission coefficient t is reduced to the following form:
where ξ µν,µν is a positive quantity of the order of radiative decay rates. Therefore, the probe field is amplified (attenuated) when the population is inverted (not inverted) in the dressed-state basis. We can check in Fig. 2 (c) that σ ee > σ mm > σ gg under a strong driving, and this is represented in Fig. 3(c) by the size of the circles. For the |m, N ↔ |e, N + 1 transition for example, the upper level is more populated than the lower level. Namely, the population is inverted and therefore the probe field is amplified in this case. In contrast, for its counterpart transition of |e, N ↔ |m, N + 1 , the population is not inverted and the probe field is attenuated. As a result, in Fig. 3(a) and Fig. 3(b) , amplification and attenuation appear symmetrically with respect to the drive frequency ω d /2π=7.314 GHz. In principle, transitions between the same dressed states, |µ, N ↔ |µ, N + 1 , may also take place, since the transition dipole does not necessarily vanish. However, in this case [see Fig. 3(c) ], the upper and lower levels are equally populated and the qubit correspondingly becomes transparent. We observe in Fig. 3 (a) and (b) that |t| = 1 at ω p = ω d under strong driving conditions. In Appendix B, we present the results for another drive frequency (ω d = ω 10 ) to further support the validity of the above arguments.
To summarize, we have investigated the microwave response of a driven transmon qubit coupled directly to a transmission line. Owing to the weak anharmonicity of a transmon qubit, we generate dressed states using a single driving field that comprise three bare states. We confirmed formation of these three-state dressed states by observing the amplification and attenuation of the probe field at six Rabi sidebands. The experimental results are reproduced with good precision by a theoretical model considering only the radiative coupling between the qubit and the transmission line. This indicates realization of a clean and lossless one-dimensional quantum optical system that is suitable for constructing scalable quantum networks.
add the following terms to the Hamiltonian [Eq. (1) of the main text]:
where the environmental degrees of freedom are modeled by boson fields (c k and d k ) and γ ′ 10 and γ p respectively denote the rates for nonradiative decay and pure dephasing. The equations of motion for σ 01 and σ 11 are given by
The Rabi frequency Ω R,10 is denoted here by Ω R . Note that the expectation values of the input field operators ( a in , etc.) disappear since no probe wave is applied here. The transmission coefficient is given by t = 1 − i √ γ 10 σ 01 s /E, where σ 01 s is the stationary solution of σ 01 . Therefore, we have
In Fig. 4 , the amplitude and the phase of the measured transmission coefficient are plotted as functions of the detuning for eight different drive powers. Furthermore, the transmittance as a function of the drive power and frequency is plotted. We observe that the transmission wave vanishes nearly completely for a resonant and weak drive. This is due to destructive interference between the input wave and radiation from the qubit [31] , and indicates excellent one-dimensionality of this setup. As the drive power increases, transmission increases due to saturation of the qubit. By fitting these experimental data by Eq. (A5), we estimate that γ 10 /2π = 40 MHz, γ 
